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ABSTRACT The paper presents the results of research and development of structural methods for hardware generation of
pseudorandom equiprobable binary sequences. The features and limitations of existing approaches to the synthesis of
pseudorandom sequence generators are analyzed, particularly those associated with fixed probability distributions or
predetermined set cardinality. A new structural generation method based on cascade dichotomic decomposition of the number
of possible combinations in the output sequence is proposed. This approach enables the formation of a complete set of
equiprobable binary patterns of a given bit length while reducing hardware complexity. An algorithm for constructing the
generator has been developed, which includes the formation of the decomposition tree, the synthesis and minimization of
combinational circuits implementing parity functions, and the determination of transition probabilities between the vertices of
the decomposition graph. The algorithm is presented in a formalized form, allowing for simplified implementation and analysis.
It is shown that the proposed method allows calculating transition probabilities through simple ratios between decomposition
components, significantly simplifying the circuit implementation of the generator. The proposed generator structure provides
the formation of equiprobable pseudorandom sets regardless of the set’s cardinality. It is proven that the performance of such
a generator depends not on the size of set N but on its binary logarithm, i.e., the bit width m of the generated code. The practical
implementation of the method is illustrated by an example for, including the calculation of probabilities and construction of
parity functions. The obtained results can be applied in the design of high-performance systems for digital device testing,

modeling tools for fault-tolerant multiprocessor systems, and random data generators in digital computing technology.
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I. INTRODUCTION

he relevance and importance of solving problems of
T forming probabilistic (including pseudorandom

(PR)) sequences have led to the development of a
wide class of specialized digital circuits, devices, and
systems for obtaining such sequences. Statistical methods
are widely applied in various fields of computer
engineering. In particular, they form the basis for digital
circuit diagnostics, probabilistic diagnostic methods, and
reliability assessment of fault-tolerant multiprocessor
systems by conducting statistical experiments using GL-
models [1-3].

A GL-model represents an undirected graph in which
each edge corresponds to a Boolean function. The Boolean
function takes arguments x;, each of which represents the
state of the corresponding element in the system: x; = 0
means that the element has failed, while x; = 1 indicates that
the element remains operational. If the Boolean function of
an edge equals zero, the corresponding edge is removed
from the graph. The loss of graph connectivity signals a
system failure.

GL-models can be used to simulate the behavior of
fault-tolerant multiprocessor systems within a failure flow
and, accordingly, to calculate their reliability parameters
through statistical experiments with models [4]. During the
experiment, a sequence of binary vectors is generated,
where 1 represents an operational element and 0 represents
a failed one. The GL-model responds to each generated
vector by determining whether the system remains

operational (i.e., whether the graph retains its
connectivity). The simpler the model, the more
experiments can be performed, and consequently, the
higher the statistical accuracy of the results.

To generate binary vectors modeling the system state,
a specialized PR vector generator is used [5-9]. For a basic
system, it is sufficient to test all equilibrium vectors in
which the number of zeros corresponds to the system’s
fault tolerance condition. Generators can be implemented
both in hardware and in software. They may be built on
purely mathematical methods or developed using technical
solutions that can later be adapted as software
implementations. In systems with a small number of
processors, this task can be solved by exhaustive
enumeration of all possible vectors; however, for systems
containing tens or hundreds of processors, statistical
modeling becomes essential.

The existing approaches to the synthesis of structural
means for obtaining sequences of PR sets are, as a rule,
characterized by the equal probability of any n-bit binary
set from the full set 2" [10] or from the set of sets with a
given (fixed) weight k € {1, n}. In works [11], the
theoretical aspects of using the sequential decomposition
of arbitrary positive integers N specifying the number of
distinct output sets have been examined in detail.

The decomposition procedure can be represented in the
form of a tree-like graph whose vertices are integers — the
results of successive dichotomic division of the graph
components in the range from N to 1.
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Il. TREE-LIKE GRAPH OF DICHOTOMIC DECOMPOSITION

When solving circuit design problems of the generator
of PR sequences of equiprobable m-bit binary sets from a
given set of power N, where m > log:N > m—1, it is
sufficient to specify the procedure for performing
transitions (selection of summands) in the tree-like graph.
In Fig. 1, the initial part of such a graph with the
corresponding transition probabilities is presented. Let us
assume that:

(ro =0) > (P11 =h, = 1/2),

(h=1 —> (R,=a,/8,P,=a,/3,=1—-Pu).

For the initial decomposition level (i = 1, ag = N), we
introduce a Boolean variable by = ro as an indicator of the
parity of the component ao. Then, for the next stage (level)
of decomposition i = 2, i.e., to obtain the summands az; —
azx, we construct Table 1. If we introduce one more
Boolean variable b; to define the transition probabilities
P21 — P24, then the following set of conditions can be
written:

[(b =0) & (b, =0)] > [P, = B, =1/2],

[(by =D & (b, =1)] > [P, =a,/a, P, =1-Py,].
TABLE 1. Transition Probability Conditions.

ru re Probability

0 0 P21=P2:=1/2, P23=P2=1/2

0 1 P21=P2,=1/2, P23=azs/a1z, P24=1-P23
1 0 Pai=azi/ai, P2=1-Pa, P23=P2=1/2
1 1

Pai=az/a11, P2=1-P21, P2s=azs/aiz,
P24=1-P23

l1l. FUNCTION OF PARITY COMPONENTS
Each level i of the dichotomic decomposition of a given
number N into summands can be associated with a certain

and determine the transition (path selection) through the
tree-like decomposition graph. Boolean variable b;, as well
as with a parity function fi of the decomposition
components, such that:

=12 ...,mf =10, b, b, ..., b))

Let us take, for concreteness, N = 7. Fig. 2 shows the
structure of the decomposition tree, the parity functions
corresponding to its levels, as well as the Boolean variables
bo, b1, and bz, which form the output set of the generator
and determine the transition (path selection) through the
tree-like decomposition graph.

The beginning of the construction of the decomposition
tree in general form (that is, for any positive integer N > 1)
is shown in Fig. 3.

Under the assumption introduced above concerning the
transitions in the graph depending on the parity of the
decomposition components, we obtain:

(r(N)=0) — (P(a)=P(a,) = %),
(r(N)=1) —» (P(az)=a,/N,P(a,)= 1 -P(a,)).

Then the parity function fo will coincide with the value
r(N), and the bit by can be obtained at the output of the
switch S as shown in Fig. 4. According to Fig. 4, one can
write:

{(bﬁ 0) - (f,=r(@)),
(h=1) - (f,=r(az)).

Two levels of a certain decomposition tree are shown
in Fig. 5, wherei=0,1,2,...m—-1,k=1,2, ... 2, and
also a1 = N.

The parity function f; corresponding to the i-th level is
obtained based on the data given in Fig. 5 and represented
as a truth table (Table 2).

TABLE 2. Parity Function Truth Table.

Boolean variable b;, as well as with a parity function f; of bo b1 ... bi1 fi
the decomposition components, such that: 000 r
=12 ...,mf =10, b, b, ..., b)) 00...1 Fi2
Let us take, for concreteness, N = 7. Fig. 2 shows the i
structure of the decomposition tree, the parity functions 11...0 Figed)
corresponding to its levels, as well as the Boolean variables 11...1 '
bo, b1, and by, which form the output set of the generator Fik
o ao
Pe_—  ——=L»
an I12 a2
P ;1/ \P 22 P 23/ \P 24
I a I22 a2 I23 a2 I'24 au

SN TN N TN

FIG. 1. Tree-like graph of dichotomic decomposition with transition probabilities.
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FIG. 2. Dichotomic decomposition tree.
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FIG. 3. Initial stage of the dichotomic decomposition tree. FIG. 4. Scheme of generating bit bo using parity function fo.
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FIG. 5. Two consecutive levels of the dichotomic decomposition tree.

Fig. 6 shows the scheme for obtaining the bit b; of the  circuits implementing the corresponding Boolean parity
output set. As shown above, the probability P; of transition ~ functions.

in the graph can be calculated according to the relation: f
Pi = aij / ag.ojp, wherei=1,2,...m,j=1,2, ..., 2L Thus, i
each bit is formed based on the set of values of bits by, by, *
., b, that is: P, ;
Vi=12 ..m-1[b=f(, b ... b S —— b
1 [ i ( 0 b1 |71)] Pg :05 > 1

The general structure of the generator output unit is e
shown in Fig. 7, where Cy, Co, ..., C(m.1y are combinational ~ FIG. 6. Scheme of generating bit bi using parity function fi.
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FIG. 7. General structure of the generator output unit.
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IV. ALGORITHM OF GENERATOR CONSTRUCTION

The sequence of synthesis of a generator circuit for
producing equiprobable PR sets for an arbitrary positive
integer N can be represented in the form of the following
algorithm:

1. Set (select) the value of N;

2. Construct the decomposition tree of the number N, as
shown, for example, in Fig. 2;

3. Perform the synthesis and minimization of m
combinational circuits that implement the parity functions
fo — fm-1 according to the truth tables (see Table 2);

4. Compute the probabilities P;, i=1,2,...m, by
determining for each i the value max(ai1, aiz, ..., ai), after
which find Pi = ai,-/ ag-1)j/2-

As an example, consider N = 11. The decomposition
tree for this case is shown in Fig. 8.

Since fo = r(N) = 1, then P(bo = 1) = 6/11. Considering
that (bo = 0) — (fi = 1) and (bo = 1) — (f1 = 0), we can find
the next probabilities. Then (fi =0) — [P(b1 =1) =1/2],
(fi=1) — [P(b1=1)=23/5], where P(bi=1) is the
probability of the unit state of bit b;.

The parity function f; is determined from the truth table
(Table 3) and the corresponding combinational circuit can
be constructed based on the Boolean equation. After that,
bit b, is determined by the conditions:

(f, =0) - [P(b,) =1/2],
(f, =1) > [P(b,) = 2/3]
TABLE 3. Parity function f2 truth table.

bo b1 f2
0 0 0
0 1 1
1 0 1
1 1 1

For the function fs, we construct a truth table (Table 4)
and obtain:

f_3:a'b1'bz\/bo'b_1'b2\/bo'b1'bz =

=b, vb, b, =b, (B, vb),
from which, finally, it follows that:

TABLE 4. Parity function fs truth table.

bo b1 b2 f3
0 0 0 1
0 0 1 1
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 0
1 1 0 1
1 1 1 0

The value of bit bs is determined from the following
conditions:
(f, = 0) > [P(b) =1/2],

(f, =1) - [P(by) = 1].

V. GENERAL STRUCTURE OF THE GENERATOR
Practical interest during the synthesis of the general
structure of the generator shown in Fig. 9, in addition to the
characteristics already considered, is also represented by
the circuit implementation of the set of probabilities P;,
i=1,2,...m— I foraspecific value of N.
As shown above:

. ay
Vi=12 .m-1P=—U—|
a(i—l)j/z

where 2ajj # ag-1ji2, and also aj; = max (aiz,aiz, ...aik), k = 2'.
Let Pi=%+P,4. It is assumed that the signal of the PR
pattern generator Pg and the state of the output of the
circuit producing P, are statistically independent.
Consider the decomposition sequence of the number N
= 11 into a set of summands (Figure 8):

1} > {56} »> {23} > {12} > {1}.

Then Py = 6/11, P, = 3/5, P; = 2/3, P4 = 1, and in
addition Py, = 1/22, Py, = 1/10, P3, = 1/6, that is
Vi=1,2,...m — 1] Pimin =P = 1/12N ]. Therefore, the
minimal value P14y may serve as the basis for defining the
precision of representation of other Pi4 values. For N = 11

f,=b,vihb . in binary format Py =0.000010111.... We take the
Il f10 b,
o6
o b,
1 3 13 f
0 1 - 0\\\\ 1 bz
11 o 2110 2] 11 ol 2 f,
/ / \ N b
S T T T o T O

FIG. 8. Example of the decomposition tree for N = 11.
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FIG. 9. General structure of the sequence generator.

rounded value Py, = 0.000011. Hence, with the same
precision (up to the sixth digit) P14 = 1/32 + 1/64. Then,
with the same precision P24~ 0.0001100 = 1/16 + 1/32 and
Pz, ~ 0.001001 = 1/8 + 1/64. In the general case, if the
precision of setting the probabilities P14 equals q binary
digits, and aimax = m — 1, then it is advisable to use a PR
pattern generator [11] with a register length R>¢g + m — 1.

Obviously, any probability value of the form 1/2,
j=12,... can be obtained by the conjunction of j
independent outputs of the feedback shift register.

The circuitry for generating probabilities Py, can be
simplified either by rounding the exact value P14 to the
nearest value 1/2" (r — integer positive number) or by
replacing the arithmetic sum with a disjunction operation
of the corresponding probability terms.
At the same time, one must take into account the error
introduced by such circuit implementation.

VI. CONCLUSION

The results obtained in this work make it possible at the
design stage to implement specialized digital structures
intended for hardware generation of PR sequences of
binary sets forming a set with a predetermined cardinality.

Unlike known devices, the use of the method of
successive dichotomic decomposition of the number
determining the cardinality of the set of different output
sets leads to improvement in several parameters of the
generating structures.

For example, from the materials of the work it follows
that the performance of the generator is determined not by
the set cardinality N, but by the binary logarithm of this
number, that is, by the bit width m of the generated sets.
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OpraHi3auia CTPYKTYpHUX 3acobis popmyBaHHA
NOCNifO0BHOCTE NCEBAOBUNAAKOBUX PiBHOMMOBIPHUX
ABIMKOBUX Habopis

Irop EpmoneHko”, AHTOH Xyp6a

Kadepnpa cuctemHoro nporpamyBaHHs i cnewianizaoBaHMx KOMN'loTePHUX cucTeM, HauioHanbHUI TeXHIYHUI yHiBEpcUTeT YKpaiHu « KUIBCbKUi
NoNITeXHIYHWUIM IHCTUTYT imeHi Iropa Cikopcbkoro», Kuis, YkpaiHa

*ABTOp-KOpecnoHaeHT (EnekTpoHHa agpeca: yermolenkomail@gmail.com)

AHOTALLIA Y poboTi npeacTaBneHo pe3ynbTaT AOCNIAKEHHA Ta PO3POBAEHHA CTPYKTYPHUX METOZAIB anapaTHOI reHepaLii
nceBAoOBMNAAKOBUX PIBHOMMOBIPHMX ABIMKOBMX MOCAigoBHOCTeN. MpoaHanizoBaHO 0co6AMBOCTI iCHytOUMX Migxodis [o
CWHTE3y reHepaTopiB NCeBAOBMMNAAKOBUX HabopiB i BU3HAYEHO iXHi 0bMexKeHHs, nos’A3aHi 3 ¢ikcoBaHMM PO3MOAiINOM
iMoBipHOCTel abo *KOPCTKO 3a4aHO0 NMOTYKHICTIO BUXiLHOT MHOXMHM. 3aNponoHOBaHO HOBUIM MeToa Nobya0BY CTPYKTYPHUX
3acobiB reHepalii, AKMI FPYHTYETbCA HA KaCKagHOMY AMXOTOMIYHOMY PO3KIaAaHHI YMCNa MOXKAMBUX KOMBIHALiM BUXigHOT
nocnifoBHOCTI. Takuii niaxig 3a6esnedye GopmMyBaHHA NOBHOI MHOXWHW PiBHOMMOBIPHWX HabopiB 3a4aHOT PO3PALHOCTI MK
3MeHLUEeHHi anapaTHMX BUTpaT. Po3pobneHo anroputm nobynoBu reHepaTopa, AKMI OXonatoe eTann GopMyBaHHA AepeBa
PO3KNafaHHA, CUHTE3y Ta MiHIMi3auii KOMBiIHaLiIMHUX cxem, WO peanisytoTb QYHKLil MapHOCTI, a TaKOX BM3HAYEHHA
MMOBIpHOCTENM Nepexonis MixK BepliMHamu rpada po3knagaHHa. Onuc anropuTmy nogaHo y popmanisosaHomy BUMAALI, WO
CNpoLLye MOro nofanblly peanisauilo Ta aHani3. MoKasaHO, WO BMKOPWUCTAHHA 3aNpPOMNOHOBAHOrO MeToAy [A03BOJIAE
BM3HAYaTW MMOBIPHOCTI Nepexoais yepe3 NPOCTi BiAHOLWEHHA MK KOMMOHEHTaMM PO3KNAZaHHA, LLO 3HAYHO CMPOLLYE
CXeMOTeXHIYHy peasnisalito reHepaTopa. 3anponoHOBaHA CTPYKTypa dopmyBaya 3abe3neyye OTPMMaHHA PiBHOMMOBIPHUX
nceBAOBMNAAKOBUX HAabOPIB HE3A/IEXKHO Bif, MOTYXKHOCTI BUXiZHOT MHOXWUHK. [loBEAEHO, LLO WBUAKOAIA TaKOro reHepaTopa
BM3HAYAETbCA HE PO3MipoM MHOXKMHU N, a i ABiliKOBUM Norapudmom, TO6To po3pagHICcTIO BUXIAHOrO Kogy m. MpakTUyHy
peanisauito MmeToZy NPOINOCTPOBAHO Ha MPUKAALi, HaBeAeHO cnocobu obuYncneHHs MMOBIpPHOCTEN Ta NOBYA0BU YHKLIN
napHocTi. OTpMMaHi pe3ynbTaTh MOXKYTb 6YTVM BUKOPUCTAHI Nifg Yac NPOEKTYBaHHA BUCOKONPOAYKTUBHUX CUCTEM TECTYBaHHA
LMbpPOBUX NPUCTPOIB, 3ac0biB MOAENOBAHHSA BiAMOBOCTIMKMX 6araTonpoLLeCOPHUX CUCTEM i FeHEePaTOpiB BUNAAKOBUX AaHUX
y unMdpoBii 064MCNIOBAbHIN TEXHILL.

KNIKOYOBI C/IOBA GL-mogeni, BiaMOBOCTIVKi 6araTonpouecopHi cuctemu, reHepaTopu.
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