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ABSTRACT Floating-point arithmetic is inherently prone to precision errors, which can accumulate over time and significantly
influence the outcomes of numerical computations. This work presents a method designed to systematically assess and
compare the accuracy of various arithmetic implementations by adaptively refining test inputs in response to observed
computational inaccuracies. In contrast to conventional approaches that use either fixed sets of numerical values or random
sampling techniques, the method introduced here continuously updates the test set. It does so by identifying areas in the
numerical domain where computational errors tend to be the most significant. The refinement process is iterative and guided
by statistical analysis of previous results, ensuring that regions with elevated error levels receive more focused attention in
subsequent testing phases. At the heart of the method is an adaptive process for determining which numerical values require
further examination. This is achieved by analyzing the distribution of previously recorded errors and updating a decision
criterion based on those findings. Specifically, thresholds for acceptable accuracy are recalculated using statistical measures
such as quantiles, which reflect the severity and frequency of encountered errors. This ensures that the refinement of test
inputs is driven by actual data, rather than relying on predetermined heuristics. The method begins with the generation of a
diverse collection of numerical inputs that spans a broad spectrum of floating-point values, including those known to cause
instability in calculations — such as extremely small or large values and those located at the boundaries of numerical precision.
These inputs are then used to perform arithmetic operations including addition, subtraction, multiplication, and division. Two
different arithmetic implementations are evaluated: the standard arithmetic used in a widely adopted programming language
and an alternative, custom-developed arithmetic designed to enhance numerical accuracy. For each operation, the resulting
values produced by the two arithmetic systems are compared. Measures of accuracy are derived by calculating the
differences between the outputs using both absolute and relative error estimations. These differences are then statistically
analyzed to detect patterns in the occurrence and magnitude of errors. Based on this analysis, if the error associated with a
particular input is determined to be higher than expected, additional test values are generated in the vicinity of that input.
This is accomplished through carefully controlled variations, allowing the method to explore neighboring regions where
similar errors might occur. In this way, the test suite evolves over time, becoming increasingly focused on those numerical
situations that are most likely to expose weaknesses in arithmetic implementations. By uncovering patterns in how errors
emerge and accumulate, the method provides a structured and repeatable process for evaluating the reliability of floating-
point arithmetic under varying conditions. Its targeted nature makes it especially useful for scientific and engineering
applications, where computational precision is critical. In summary, this approach improves upon traditional benchmarking
techniques by introducing an adaptive, data-driven strategy that emphasizes the most challenging areas of numerical
computation. As such, it offers a powerful tool for the verification and validation of arithmetic systems, supporting both
development and quality assurance in software that relies heavily on floating-point calculations.
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I. INTRODUCTION

valuating arithmetic accuracy is a fundamental aspect
E of ensuring the reliability of numerical computations
in scientific and engineering applications. In modern
software systems, floating-point operations are ubiquitous,
yet prone to subtle and often undetected errors that can
propagate and compromise computational results. This
necessitates robust and adaptive methods for identifying

numerical instability in precision-critical applications.
The aim of this work is to develop and formalize an
adaptive benchmark testing method for evaluating the
quality of arithmetic operations. The main objectives
include: the design of a systematic approach for adaptively
refining test data based on observed computational errors;
to formally describe the proposed adaptive testing method
for evaluating the accuracy of numerical arithmetic; and to

assess the algorithmic complexity of the approach and its
computational efficiency.

The core idea behind the proposed method is that
analysis should not rely solely on static datasets or random
sampling but should adapt to the observed error
distribution in real time. If a specific range of inputs leads
to unexpectedly large errors, the system automatically
generates new test cases by perturbing values within that
region. This allows for the localization of error-prone
zones and the delineation of boundaries where arithmetic
becomes unreliable.

Recent studies and publications in numerical analysis
[1-2], property-based testing [3], and arithmetic
verification highlight several isolated techniques — such as
Monte Carlo simulations [4-5], adaptive quadrature in
integration [6], or error-controlled Runge-Kutta methods in
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differential equations [7]. While these approaches
contribute valuable insights, they often lack integration
into a unified framework for dynamic test generation based
specifically on error metrics. Furthermore, software
engineering techniques like fuzzing [8] or phase-based
testing [9] rarely consider numerical stability as a primary
target.

This research bridges the gap between numerical
precision analysis and adaptive test generation. By
unifying statistical error analysis, iterative test refinement,
and adaptive threshold control with established error
criteria from numerical ODE solvers [10-12], the proposed
method introduces a novel, comprehensive framework for
verifying arithmetic robustness. Its implementation creates
a foundation for future testing systems that are both error-
aware and resource-efficient.

Il. METHOD DESCRIPTION

The challenge of varying test set effectiveness creates a
need for a method that not only compares numerical
outputs but also adapts dynamically to problematic areas
within the input space.

The core idea behind the Adaptive Benchmark Testing
method is to begin with conventional testing on selected
datasets and then progressively expand the test set in
regions where the new arithmetic exhibits instability. The
method requires two arithmetic systems for comparison.
These can be any numeric systems; however, in the context
of this study, the analysis focuses on comparing a baseline
arithmetic implementation with an alternative arithmetic
implementation [13] designed for enhanced numerical

precision. This approach enables a controlled
computational evaluation of their accuracy, stability, and
efficiency.

The Adaptive Benchmark Testing algorithm is

specifically designed to evaluate arithmetic accuracy by
adaptively expanding the test set in zones of elevated error.
Initially, a base test set denoted as S, is generated. This set
contains representative input values covering a wide
numeric range. Each test case from this set is computed
using both the alternative and baseline arithmetic
implementations, after which absolute and relative errors
are calculated for each result using Egs. (1) and (2), where
7, denotes the result from the alternative implementation

and 1y from the baseline implementation:
AbsErr(x) = |rp - TS| 1

A fundamental challenge in precision testing is
assessing errors across functions with vastly different
magnitudes. Pure absolute error fails to scale with function
magnitude, while pure relative error becomes undefined or
misleadingly large near zeros of the function.

Following established practice in adaptive numerical
solvers [10-12], this work employs a mixed absolute-
relative error criterion as the evaluation function E(x):

AbsErr(x)
(Tabs t Trer |rs(x)|)’

where 74, > 0 is the absolute tolerance parameter and
Tre > 0 is the relative tolerance parameter, both specified
by the user to define precision requirements.

E(x) =

)
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The necessity of the mixed absolute-relative tolerance
criterion is illustrated in Figs. 1 and 2, which demonstrate
why neither pure absolute error nor pure relative error
alone provides adequate assessment across different value
ranges.
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FIG. 1. Comparison of absolute and relative error metrics near
zero, demonstrating instability of relative error for small function
values.
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FIG. 2. Comparison of absolute and relative error metrics far from
zero, showing failure of absolute error to scale with magnitude.

Fig.1  shows error  behavior near  zero
(x € [-1078,1078]). Relative error exhibits a sharp spike
reaching approximately 50 at x = 0, increasing by orders of
magnitude due to near-zero denominators. Absolute error
remains stable at approximately 0.5. This demonstrates that
near zero, absolute error provides stable precision
assessment while relative error becomes uninformative.
Fig. 2 shows the reverse behavior far from zero.
Absolute error becomes nearly constant, failing to reflect
value magnitude. An absolute error of 0.5 is negligible for
| . | = 10° (0.0001%) but significant for | 7, | = 1 (50%),
while relative error correctly scales with magnitude.
These observations motivate the ATOL+RTOL
formulation in Eq.(2), which uses absolute error
normalized by a tolerance that automatically transitions
between absolute-dominated behavior near zero and
relative-dominated behavior for large magnitudes,
eliminating the need for manual domain-specific scaling.
The denominator transitions smoothly between absolute-
dominated behavior for | 7, (x) |<< Tgps/Tre; and relative-
dominated behavior for |7,(x) [>> T4ps/Trer, With
crossover at M, = Tgps/Tye. For defaults 7,4y, = 10710
and T, = 107°, this occurs at | 7;(x) |= 10™*. The
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dimensionless E£(x) enables meaningful comparison across
functions; £(x) > 1 indicates exceeding tolerance.

This criterion reflects floating-point error structure
(machine-epsilon rounding and problem-dependent
truncation) and is standard in numerical ODE solvers. The
recommended defaults provide reasonable precision for
most applications while remaining adaptable.

The distribution of errors is then analyzed using the
evaluation function E(x). If the average error significantly
shifts within specific subranges, a new test set S;,; is
generated that increases the sampling density in these
critical regions.

Critical regions are identified as subintervals where
inequality in Eq. (3) is satisfied, with 8 being a threshold
derived from the statistical data of previous iterations. A
statistical analysis of the errors is used to determine this
threshold dynamically in Eq. (4), where y; is the mean
error at iteration i in Eq. (5), g; is the standard deviation of
the error in Eq. (6), and A is a coefficient controlling the
strictness of the filter — e.g., A =1 or A =2, which
correspond to 68% or 95% of values under the normal
distribution.

E(x) > 6, (3)
Oiv1 = Wi + Aoy, “4)
1
pi = m};.f?(x). (5)
— 1 E 2
o; = m;( () —ui)* (6)

The threshold calculation in Eq. (4) relies on mean and
standard deviation, which are optimal estimators under the
assumption of normal distribution. However, since E(x) is
inherently non-negative, its distribution may deviate from
normality. To ensure statistical validity, a normality
verification step is implemented before applying Eq. (4).
For each iteration i, the Shapiro-Wilk test [14] is applied
to test the null hypothesis:

H,: the error values {E(x)|x € S;} %
follow a normal distribution.

The p —wvalue from the Shapiro-Wilk test is
computed. The decision rule is:

p —value > porm, (8)

p —value < a,prm. )
If Eq. (8) is true, use parametric threshold (Eq. 4), else if
Eq. (9) is true, use non-parametric threshold Eq. (10)
where a,,-m = 0.05 is the significance level for the
normality test. When normality is rejected, a distribution-
free quantile-based approach is employed:

01 = Qooo(E(X):x € S)), (10)
where Q,99 denotes the 90th percentile of the error
distribution. This percentile corresponds roughly to
u + 1.280 under normality but remains valid regardless of
the underlying distribution. The iterative refinement
process continues until statistical analysis indicates that
further iterations yield no significant improvement in error
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characterization. Rather than using a simple difference
threshold, a rigorous statistical test is employed to compare
the error distributions between consecutive iterations.

Specifically, Welch's two-sample t-test [15] is applied
to compare the mean errors between S; and S;, ;. The null
hypothesis is Eq. (11) (no significant change in mean error)
with alternative hypothesis Hy:u; # U;41 (significant
change exists).

Ho: pty = Ui (1D

Welch's t-test is preferred over the standard Student's t-test

because it does not assume equal variances between the

two samples, making it more robust to differences in

sample sizes and error distributions between iterations. To

ensure that convergence reflects both statistical and

practical significance, a dual criterion is employed. Define

Cohen's effect size [ 16] using the weighted pooled standard
deviation as:

d= |tivs — il
J(nl- ~ 1)o7 + (s ~ Do,y

n; +ni+1 -2

(12)

where n; and n;,; are the sample sizes at iterations i and
i + 1respectively. The weighted pooled standard deviation
accounts for potentially large differences in sample sizes
between consecutive iterations. In the adaptive refinement
process, n;,; can be significantly larger than n; (e.g.,
growing from 1,000 to 10,000+ points), making the
weighted formula essential for accurate effect size
estimation.

The algorithm terminates when both conditions are
satisfied:

p —value > A5 and |d| < dppin, (13)
where a;.;; = 0.05 is the significance level for the t-test,
and d,,;, = 0.2 represents the threshold for practical
significance. The dual criterion ensures that the algorithm
stops when changes are neither statistically significant nor
practically meaningful, preventing both premature
termination and excessive iteration on trivial
improvements when sample sizes are large.

The complete procedure is formalized in Algorithm 1
below:

Input: two arithmetic implementations A; (baseline)
and A, (alternative); initial test set S, of size ny; threshold
coefficient 1; absolute and relative tolerances T, and Tp|;
significance levels &, ormy and geq; effect size threshold
dmin; Maximum iterations Ky ,q.-

Output: final refined test set S, and error statistics
{,uj, aj, 9;, nj} for each iteration j = O0,..., k.

Procedure:

Step 1. Set iteration counter i « 0. For each x € Sy,
evaluate both implementations to obtain 1; = A,(x) and
1, = Az(x), then calculate the absolute error using Eq (1).

Step2. For each x € S;, evaluate both
implementations to obtain r; = A;(x) and 1, = Az(x),
then calculate the evaluation function using Eq. (2).

Step 3. Test the normality of the error distribution
{E(x): x € S;} using the Shapiro-Wilk test as specified in
Eq. (7).
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Step 4. If the normality test is passed (p — value >
Qnorm), compute the threshold 6;,, using the parametric
approach in Eq. (4). Otherwise, compute 6;,, using the
quantile-based approach in Eq. (10).

Step 5. Identify the critical set C; = {x € S; : E(x) >
0,41} containing all points where the evaluation function
exceeds the threshold.

Step 6. Generate the refined test set S;,; by starting
with S; and adding perturbations around each point
X € Ci'

Step 7. If i > 0, perform convergence testing by
applying Welch's t-test to compare the error distributions
of S; and ;. as specified in Eq. (11), computing Cohen's
effect size d using Eq. (12) with sample sizes n; = |S;| and
Niy1 = |Si+1], and checking whether the dual criterion in
Eq. (13) is satisfied. If convergence is achieved, terminate
and return the current test set and statistics.

Step 8. Increment the iteration counter: i « i + 1.If
i < kpax, return to Step 2. Otherwise, terminate and
return the final test set S; and error statistics.

I1l. SENSITIVITY ANALYSIS OF PARAMETERS

An important component of the proposed algorithm is
its dependence on parameters that influence the accuracy,
stability, and efficiency of the testing process. In particular,
key roles are played by: the parameter A, used in
constructing the error threshold in Eq. (4); the error metric,
which can be absolute, relative, or combined; the initial
size of the test set.

The value of A regulates the system’s sensitivity to
detecting critical points. A low A value leads to a smaller
threshold 6, resulting in a greater number of values being
classified as "suspicious" and thus intensively refining the
test set. This can provide high sensitivity at the cost of
increased iterations and computational overhead.
Conversely, a high A reduces the number of adaptive steps
but may miss local anomalies. Numerical experiments
showed that A values within the range [1.5, 2.5] provide a
good balance between coverage and computational
efficiency.

The following plot Fig. 3 visually demonstrates the
results for different values of A. It illustrates that: A = 0.5:
the highest error fraction, which decreases very slowly;
A =1.5and A = 2.5: a stable reduction in the error fraction
with each iteration — representing a balance between
accuracy and efficiency; 4 = 3.5: low sensitivity — the
system misses significant errors.
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FIG. 3. Effect of A on the error fraction.
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The selection of tolerance parameters 7., and T,
defines the precision requirements for the testing process.
As discussed in Section II and illustrated in Figs. 1 and 2,
the mixed absolute-relative criterion provides appropriate
error assessment across all magnitude ranges. For general-
purpose testing, default values of 74,5 = 1071° and 7,.,; =
107° are recommended.

The crossover magnitude M, = 10™* determines where
the evaluation function transitions from absolute-
dominated to relative-dominated behavior. Table 1
quantifies this divergence near zero, showing how relative
error becomes unstable while absolute error remains stable.
This motivates the mixed tolerance criterion in Eq. (2),
which automatically adapts to magnitude-dependent error
behavior.

TABLE 1. Quantitative comparison of error metrics near zero.

X AbsErr RelErr
1x1077 0.51 5.1
1%x1078 0.50 50.0
1x107° 0.50 500.1
1x 10710 0.50 5000

The size of the initial test set determines the quality of
the initial statistics from which the threshold is derived. An
insufficient size may lead to unstable estimates of 8 and
consequently to incorrect identification of critical regions.
Empirically, the initial test set size should be no less than
500 — 1000 points for univariate functions. For higher-
dimensional cases, the required size increases
exponentially.

The following plot Fig. 4 illustrates a critical region —
the interval [0.4, 0.6]. This is an example of a scenario in
which the highest numerical errors or computational
instabilities are assumed to occur within this range. The
purpose of this modeling is to demonstrate that, with small
test set sizes, the algorithm either fails to detect this critical
region or misidentifies it. Only when the test set becomes
sufficiently large do the estimated boundaries align with
this "true" model.

Impact of Initial Test Set Size on Stability of Critical Region Detection

°
3

Estimated Critical Region Boundary
° ° °

°

0 250 500 750 1000 1250 1500 1750 2000
Initial Test Set Size

FIG. 4. Impact of initial test set size on the stability of estimated
critical regions.

In the proof-of-concept demonstration in Section IV, it
was observed that both the exponential and logarithmic
function tests consistently employed the quantile-based
threshold in Eq. (10) throughout all iterations, as the
Shapiro-Wilk test rejected normality in every case. In
contrast, the sinc function test maintained normal error
distributions, allowing use of the parametric threshold
Eq. (4) at all iterations.
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IV. PROOF-OF-CONCEPT DEMONSTRATION

To demonstrate the proposed method's capability to
identify precision-sensitive regions when implementation
differences exist, a proof-of-concept study was conducted
using controlled precision variations. Modern floating-
point implementations, including CPython's IEEE 754
double-precision arithmetic, are highly optimized and
typically exhibit minimal precision errors for standard
mathematical functions. Therefore, rather than comparing
two production implementations that would show
negligible differences, controlled precision degradation
was introduced in known error-prone regions to validate
the adaptive testing methodology.

A. Experimental design. The demonstration was
implemented in Python 3.11 and executed in a Docker
container based on python:3.11-slim (Debian Linux,
CPython 3.11, ARM64), running on Apple M1. Two
implementations were compared. The baseline
implementation used standard CPython floating-point
operations with simulated precision degradation in specific
numerical regions where precision issues are known to
occur in practical arithmetic implementations. The
alternative implementation employed high-precision
arithmetic using the mpmath library configured with 50
decimal places of precision, serving as the high-precision
reference for error computation.

The simulated precision degradation was introduced to
represent realistic scenarios observed in practical floating-
point implementations. For the exponential function
exp(x), reduced precision was introduced near the
boundaries of the representable range where the absolute
value of x exceeds 9. This region approaches overflow and
underflow limits, simulating the accumulation of rounding
errors that occurs when operating near the limits of
floating-point representation. For the logarithmic function
log(x), reduced precision was applied for arguments
approaching zero, specifically when x falls below 1076, In
this region, small relative errors in the input argument
translate to large absolute errors in the logarithmic output.
For the sinc function sin(x)/x, reduced precision was
introduced near zero where the absolute value of x is less
than 1073, This simulates catastrophic cancellation that can
occur during the computation when both numerator and
denominator approach zero.

Initial test sets were generated using uniform random
sampling with seed 42 for reproducibility. For the
logarithmic function, sampling was performed uniformly
in log-space to ensure adequate coverage across the wide
domain range. Perturbations in Step 6 of Algorithm 1 were
generated using normally distributed random values with
standard deviation proportional to local point density.

B. Test configuration. Tolerance parameters were T,,s =
1071% and t,, = 107° (standard for double-precision
solvers), requiring ~6 digits relative accuracy with 10710
absolute floor. Crossover magnitude M, = 10™* defines
the transition between absolute and relative-dominated
behavior.

The initial sample size was set to no, = 1000
uniformly distributed test points. The threshold coefficient
was A = 2.0, corresponding to approximately 95%
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coverage under normal distribution. The significance
levels for both normality testing and convergence testing
WEre Upnorm = iest = 0.05. The effect size threshold for
practical significance was d,;;, = 0.2, and the maximum
number of iterations was k4, = 10.

The functions evaluated were the exponential function
fix) = exp(x) for x in the interval [—10,10] as defined in
Eq. (14), the logarithmic function g(x) = log(x) for x in the
interval [107°,10°] as defined in Eq. (15), and the
trigonometric sinc function /(x) = sin(x)/x for x in the
interval [—m, ] as defined in Eq. (16).

f(x) = exp(x)forx € [-10,10], (14)

g(x) = log(x) for x € [107%,107], (15)
sin(x

h(x) = x( )forx € [—m, m]. (16)

C. Exponential function results. For the exponential

function, the adaptive method required 10 iterations to
reach the maximum iteration limit, expanding the test set
from the initial 1000 values to a final size of 56,500 values
(56.5x expansion factor). The test set size evolved from
1,000 (initial) through 1,500, 2,250, 3,375, 4,960, 7,440,
11,160, 16,740, 25,110, and 37,665 points across iterations
1 — 10. The algorithm terminated at the maximum iteration
limit with a final expanded set of 56,500 points. The
growth factor varied between 1.26% and 1.50x per
iteration, reflecting the algorithm's persistent identification
of critical points requiring refinement across a substantial
portion of the domain.

The algorithm successfully identified the critical region
near the upper boundary of the domain at
x € [9.00,10.0], where exp(x) approaches the overflow
limit of double precision, which is approximately 103°8,
The Shapiro-Wilk test consistently rejected normality
throughout all iterations, causing the algorithm to employ
the quantile-based threshold defined in Eq. (10) rather than
the parametric approach given in Eq. (4). This behavior
demonstrates the robustness of the dual-threshold
mechanism when error distributions deviate from
normality, as discussed in Section II.

The normalized error values FE(x) exhibited the
following progression. The mean E(x) increased from
5.07 X 107° at iteration 1 to 7.78 X 107 at the final
iteration, representing a 15.3x increase as the algorithm
concentrated sampling in higher-error regions. The
maximum E(x) increased from 1.93 x 1077 at iteration 1
to 4.33 X 1077 at iteration 8, then stabilized. The threshold
6 increased from 1.70 X 107*° at iteration 1 to
1.60 x 1077 at iteration 10. These values, while appearing
small in absolute terms, represent normalized errors where
E(x) > 1 would indicate exceeding the tolerance envelope.
The maximum observed E(x) = 4.33 X 1077 means the
worst-case error is approximately 0.04% of the tolerance
threshold (since E(x) << 1), well within acceptable bounds.

The convergence testing revealed persistent statistical
significance throughout all iterations. At iteration 2,
comparing 1,000 vs 1,500 samples yielded
p-value < 0.0001 and Cohen's d = 0.470, both exceeding
the termination thresholds. At iteration 5, comparing 3,375
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vs 4,960 samples produced p-value <0.0001 and d =0.126.
By iteration 10, comparing 37,665 vs 56,500 samples,
Cohen's d had decreased to 0.018, well below the practical
significance threshold, but the p-value remained at 0.0251,
just below the 0.05 threshold. This demonstrates the
importance of the dual convergence criterion in Eq. (13):
while the effect size became small (d < 0.2), statistical
significance persisted at the boundary, justifying continued
refinement until the iteration limit.

The final critical region comprised 10.1% of the test set,
representing 5,702 test points concentrated in the interval
[9.00, 10.0]. This interval represents 5.0% of the domain
[-10, 10]. Uniform sampling of 56,500 points would
allocate approximately 2,825 points to this region (5.0% x
56,500), whereas the adaptive method allocated 5,702
points, representing a 2.0x concentration factor. The total
computational cost was 167,700 function evaluations over
13.63 seconds.

D. Logarithmic function results. The logarithmic function
exhibited rapid convergence after 4 iterations, with the test
set expanding from 1,000 to 3,045 values (3.0x expansion
factor). The test set evolution was: iteration 1 (1,000
points), iteration 2 (1,500 points), iteration 3 (2,250
points), iteration 4 (3,045 points). The growth pattern
varied from 1.26x to 1.50x per iteration, reflecting the
algorithm's ability to adaptively adjust expansion based on
the spatial distribution of critical points.

The critical region was identified near the lower boundary
of the domain at x € [1.00 X 107°,9.79 X 1077], where
the logarithmic output becomes increasingly negative and
small perturbations in the argument translate to significant
changes in the result. Similar to the exponential case, the
Shapiro-Wilk test rejected normality at all iterations,
invoking the quantile-based threshold mechanism
specified in Eq. (10).

The normalized error values showed the following
behavior. The mean E(x) decreased from 1.41 X 1077 at
iteration 1 to 7.42 X 1078 at iteration 4, indicating
successful refinement focusing on the most problematic
region. The maximum £E(x) remained constant at
2.99 X 107° throughout all iterations, indicating early
identification of the worst-case point. The threshold 6
decreased from 5.71 x 1077 to 8.32 x 1078, reflecting the
algorithm's adaptation to a more concentrated error
distribution.

Convergence was achieved at iteration 4 when
comparing samples of size 2,250 vs 3,045. The
convergence test yielded p-value=0.106 > 0.05 and
Cohen's d =0.046 < 0.2, simultaneously satisfying both
criteria in Eq. (13). This dual satisfaction indicates that
changes between iterations were neither statistically
significant nor practically meaningful. The evolution of
Cohen's d throughout the iterations illustrates convergence:
iteration 2 (d = 0.092), iteration 3 (d = 0.074), iteration 4
(d = 0.046), showing progressive decrease as the critical
region became saturated.

The identified critical region represented 5.2% of the
final test set, comprising 159 test points concentrated in the
interval [1.00 X 107°,9.79 x 1077]. In logarithmic space,
this region spans approximately 2.99 log units out of 18
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total log units (16.6% of the domain). The allocation of
5.2% of test points to a region comprising 16.6% of the
logarithmic domain reflects the threshold-based approach:
the 90th percentile criterion ensures exactly 10% of points
are initially classified as critical, with subsequent
refinement concentrating on the most severe errors rather
than achieving proportional spatial coverage. The total
computational cost was 10,840 function evaluations over
0.37 seconds.

E. Sinc function results. The sinc function converged most
rapidly, requiring only 2 iterations with minimal test set
expansion from 1,000 to 1,005 values (1.005% expansion
factor). The test set sizes were: iteration 1 (1,000 points),
iteration 2 (1,005 points). This minimal growth reflects the
highly localized nature of the critical region and the rapid
satisfaction of convergence criteria.

Unlike the exponential and logarithmic functions, the
Shapiro-Wilk test confirmed normality of the error
distribution at both iterations, with a normality pass rate of
100%. This allowed the algorithm to use the parametric
threshold defined in Eq. (4) throughout testing, illustrating
the method's automatic adaptation to different error
distribution characteristics. The threshold value remained
stable at approximately 9.1 X 1072 across both iterations.

The normalized error values demonstrated exceptional
precision. The mean E(x) was approximately
1.42 x 1073, indicating that average errors were well
below the tolerance envelope by a factor of 10**. The
maximum E(x) was 1.42 X 107'° indicates errors
approximately 7 billion times smaller than the tolerance
threshold. These values reflect the high quality of the
standard CPython implementation for the sinc function in
most of its domain.

Convergence was achieved at iteration 2 when
comparing samples of size 1,000 vs 1,005. The
convergence test yielded p-value=0.997>0.05 and
Cohen's d =0.0002 < 0.2, decisively satisfying the dual
criterion in Eq. (13). The near-unity p-value indicates no
statistical difference whatsoever, while the extremely small
Cohen's d confirms practical equivalence.

The critical region identified was x € [1.19,1.19],

comprising only 0.1% of the test set (1 point at
convergence). This region represents approximately 0.02%
of the domain [—m, r]. The identification of a single critical
point demonstrates the method's ability to isolate highly
localized precision variations. The total computational cost
was 3,010 function evaluations over 0.04 seconds,
representing minimal overhead beyond the initial
sampling.
F. Comparative analysis of ATOL+RTOL performance. The
use of the mixed absolute-relative tolerance criterion (Eq. 2)
provides several key advantages demonstrated across the
three test cases. The normalized error values E(x) remain in
consistent, interpretable ranges across all functions.
Maximum E(x) values were: exp(x): 4.33 X 1077; log(x):
2.99 x 107%; sinc(x): 1.42 x 107*°. All values are well
below 1.0, confirming that errors remain within the
specified tolerance envelope. This consistency would not
be achievable with pure absolute or pure relative error
metrics, which exhibit the problematic behavior illustrated
in Figs. 1 and 2.
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The crossover magnitude M, = 10™* appropriately
balances absolute and relative error contributions. For
exp(x) near x = 10 where |r;| & 2.2 X 10*, the relative
component dominates: T,, X || & 22X 1072 >>
Taps = 1072%  For log(x) near x =10"° where
[rs| = 20.7, the relative component still dominates:
Tper X 20.7 = 2.1 X 107° >> 1,,,. For sinc(x) where
[rs] = 1 throughout most of the domain, both components
contribute:  Tgps + Trep X 1 = 1.0001 X 107, with
relative tolerance dominating by a factor of 10*.

The user-specified tolerance parameters provide clear
control over precision requirements. The value
Trer = 107 successfully enforced approximately 6 digits
of relative accuracy across all functions, as evidenced by
the small normalized error values. The value 7,4, = 107*°
provided an appropriate absolute floor, particularly
important for the sinc function where values near zero
could otherwise cause instability in pure relative error
metrics.

G. Convergence behavior analysis. The three test cases
demonstrate distinct convergence patterns reflecting
different characteristics of the error distributions. The
exponential function required the maximum allowed
iterations (10), with Cohen's d decreasing from 0.470
(iteration 2) to 0.018 (iteration 10). The effect size fell
below the practical significance threshold d < 0.2 after
iteration 7, but the p-value remained below 0.05 throughout
all iterations, indicating persistent statistical significance.
This behavior suggests a continuous error landscape rather
than isolated problematic points, justifying continued
refinement despite small effect sizes. The threshold
stabilized after iteration 6 at approximately 1.6 X 1077,
while sampling density continued to increase in the critical
region.

The logarithmic function achieved convergence at
iteration 4 when both statistical and practical significance
criteria were satisfied simultaneously. Cohen's d decreased
progressively: 0.092 (iteration 2), 0.074 (iteration 3), 0.046
(iteration 4). The p-value similarly decreased from below
0.05 (iterations 2-3) to 0.106 (iteration 4). This
simultaneous satisfaction of both criteria (p > 0.05 and
d < 0.2) provided strong evidence that the critical region
had been adequately characterized, preventing both
premature termination and excessive iteration.

The sinc function converged most rapidly, achieving
convergence at iteration 2 due to the small spatial extent of
the critical region. The p-value of 0.997 and Cohen's d of
0.0002 on the first convergence test indicated that the small
critical region (0.1% of initial samples) was quickly
saturated. The parametric threshold remained stable at
approximately 9.1 X 1072, reflecting the well-behaved
normal error distribution. This demonstrates the method's
ability to adapt computational investment to problem
complexity: functions with small, well-localized critical
regions converge quickly with minimal overhead.

The automatic switching between parametric and non-
parametric thresholds based on the Shapiro-Wilk test
results demonstrates the robustness of the statistical
validation mechanism described in Section II. For
exponential and logarithmic functions, normality was
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consistently rejected across all iterations, triggering the use
of the quantile-based threshold in Eq. (10) with a 0%
normality pass rate. For the sinc function, normality was
confirmed at both iterations with a 100% pass rate,
allowing use of the parametric threshold in Eq. (4). This
adaptation occurred automatically without manual
intervention, confirming the algorithm's capability to
handle diverse error characteristics.

H. Computational efficiency. The computational cost of the
adaptive method varies significantly with the
characteristics of the error landscape. The exponential
function required 167,700 total function evaluations over
13.63 seconds, representing substantial computational
investment to thoroughly explore the high-error region.
The logarithmic function required 10,840 evaluations over
0.37 seconds, demonstrating moderate overhead for a
moderately-sized critical region. The sinc function
required only 3,010 evaluations over 0.04 seconds,
representing minimal overhead beyond the initial
sampling. These results demonstrate that the method
adapts its computational cost to the complexity of the error
distribution, investing more resources only when error
patterns justify continued refinement.

I. Validation of method capabilities. The experimental
results validate the proposed adaptive testing method using
the mixed criterion. The method successfully demonstrated
automatic identification of critical regions without prior
knowledge of their location. For all three test functions, the
algorithm identified error-prone regions based purely on
observed error patterns, without requiring manual
specification of where problems might occur.

The statistical robustness of the method was confirmed
through automatic adaptation to different error
characteristics. The dual-threshold mechanism, switching
between parametric and quantile-based approaches based
on Shapiro-Wilk test results, handled both normal (sinc)
and non-normal (exp, log) error distributions effectively.
The dual convergence criterion, combining statistical
significance testing via Welch's t-test with practical
significance assessment via Cohen's effect size, prevented
both premature termination and excessive iteration across
all test cases.

The normalized error metric E(x) provided consistent,
interpretable results across functions with vastly different
magnitudes. All maximum FE(x) values remained well
below 1.0, confirming errors stayed within the specified
tolerance  envelope. The  crossover  magnitude
appropriately balanced absolute and relative error
contributions based on function magnitude, as designed.

Focused resource allocation was achieved through the
adaptive refinement process. Test points were concentrated
in regions with elevated errors, with concentration factors
ranging from 1.0x (sinc, minimal concentration needed) to
2.0x (exp, moderate concentration) relative to uniform
sampling. This focused allocation provides more detailed
characterization precisely where it is most needed,
improving the efficiency of precision assessment
compared to uniform sampling strategies.

Practical convergence was demonstrated across all test
cases. The exponential function reached the iteration limit
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but showed threshold stabilization indicating saturation of
the critical region. The logarithmic and sinc functions
converged within 4 and 2 iterations respectively,
demonstrating that the method achieves convergence
within a reasonable number of iterations for functions with
well-defined critical regions.

While these specific numerical values were generated
using simulated precision degradation, they demonstrate
the method's behavior when comparing implementations
with genuine precision differences. The controlled
degradation in specific regions simulates realistic scenarios
such as overflow boundaries, underflow regions, and
cancellation-prone computations that occur in practical
arithmetic implementations.

V. ALGORITHMIC COMPLEXITY ANALYSIS

The algorithm consists of several stages, each with its
own computational complexity. Initially, a set of test
values is generated, which is a linear process with a
complexity of O(n), where n is the number of test values.
Next, each test value is processed by performing a
comparison between two arithmetic systems, requiring two
operations per test case. This stage also remains within
O0(n) complexity.

The most computationally intensive step is the update
of the threshold value, denoted as 6, based on the statistics
from previous iterations. Since the threshold is
dynamically adjusted using statistical methods — typically
involving the mean or median of the observed errors — this
step requires iterating over the entire set of error values,
adding another O(n) to the overall complexity.
Furthermore, if the number of iterations k& depends on the
convergence rate of the error reduction, the total number of
iterations may grow logarithmically with respect to the
initial error magnitude. In such cases, the overall
complexity becomes:

O(nlogn). 17

Thus, the worst-case complexity of the algorithm is
estimated as Eq.(17), which occurs when multiple
refinement iterations are performed and the threshold is
dynamically updated at each step. However, in cases where
the improvement in accuracy reduces, the number of
iterations is automatically limited to a fixed number of
steps, resulting in a linear complexity of O(n), which
makes the approach computationally efficient.

VI. RELATED WORK AND DISCUSSION

The adaptive benchmark testing method builds upon a
range of well-established approaches in numerical
analysis; however, in its integrated form, it has not yet been
formally presented in the scientific literature. At its core
lies the idea of dynamically expanding test sets based on
the magnitude of detected errors, resembling strategies for
identifying problematic points commonly used in
numerical optimization and machine learning. Unlike those
domains, however, the proposed method is tailored
specifically to the analysis of arithmetic accuracy.

Traditional approaches, such as Monte Carlo methods
[4-5], typically rely on random generation of input data
without incorporating feedback from the obtained results.
These methods do not specifically target critical numerical
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regions where the highest errors occur. In contrast, the
proposed approach adaptively adjusts the test set to focus
precisely on those areas where the arithmetic exhibits the
largest deviations from expected values. This enables more
efficient use of computational resources.

Similar concepts appear in adaptive numerical
integration [17], where the partitioning of the domain is
modified based on the error, or in the verification of
solutions to differential equations [7], where error control
is used to guide the numerical scheme. The method applies
a similar principle but focuses on adapting the input data
rather than the numerical process itself.

Another related concept is property-based testing (e.g.,
the Hypothesis library in CPython) [18], which aims to
discover counterexamples to specified properties.
However, these systems do not incorporate numerical error
estimation and are not intended for analyzing the stability
of arithmetic computations.

It is also worth mentioning phased software testing
techniques [9], where the system is subjected to a variety
of input scenarios to detect abnormal behavior. These
techniques, however, are usually concerned with logical
correctness or handling of exceptional cases rather than
numerical accuracy assessment.

One of the key features of the proposed approach is the
use of the standard mixed absolute-relative tolerance
criterion, well-established in numerical ODE solvers,
combined with adaptive test refinement. This provides a
more comprehensive view of arithmetic behavior across
different stages of computation while following
established best practices in numerical analysis. To date,
such integration in the context of evaluating arithmetic
accuracy in systems like CPython has not been formalized.
Therefore, the described method can be considered a novel
and promising approach for studying the effectiveness of
arithmetic operations in interpreters.

The demonstration presented in Section IV validates
that the proposed method successfully bridges the gap
between theoretical algorithm design and practical
application. Unlike Monte Carlo methods that treat all
regions uniformly, or adaptive quadrature that focuses on
integration accuracy, the approach specifically targets the
identification of precision-sensitive regions through
iterative test refinement driven by observed error metrics.
The demonstration confirmed the method's key
capabilities: automatic identification of critical regions
without prior knowledge of their location, statistical
robustness through automatic threshold selection, focused
allocation of testing resources, and practical convergence
within reasonable iteration limits. While conducted using
controlled precision variations, these results establish the
method's readiness for application to production arithmetic
implementations where genuine precision differences
exist.

The adoption of the mixed criterion aligns this work
with established practices in numerical computing, making
it directly comparable to standard approaches used in
MATLAB, SciPy, and other numerical software, while
extending these concepts to the novel domain of adaptive
arithmetic verification.
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VIIl. CONCLUSION

This work presents a comprehensive adaptive
benchmark testing method for evaluating the precision of
floating-point arithmetic implementations. The method
addresses fundamental limitations of conventional testing
approaches by dynamically refining the test set to
concentrate sampling density in regions where
computational errors are most significant.

The primary contribution of this research is a unified
framework that integrates three key components:
statistically validated error thresholding with automatic
adaptation between parametric and non-parametric
approaches based on distribution characteristics, iterative
test set refinement guided by rigorous statistical
convergence criteria, and the application of the standard
mixed absolute-relative tolerance criterion from numerical
ODE solvers to adaptive arithmetic verification.

Sensitivity analysis revealed that the threshold
parameter A should be maintained within the range
[1.5,2.5] to balance error detection sensitivity against
computational efficiency. The tolerance parameters 7,53 =
107*° and t,, = 107® provide appropriate precision
requirements for general-purpose double-precision testing,
with the crossover magnitude M, = 10™* appropriately
balancing absolute and relative error contributions across
different function magnitudes.

Experimental validation on standard mathematical
functions (exp, log, sinc) demonstrated rapid convergence
in 2-4 iterations for functions with well-defined critical
regions, with test set expansion factors ranging from 1.0x
to 56.5% depending on error distribution characteristics.
The method successfully identified -critical regions
comprising 0.1% to 10.1% of final test sets while
maintaining normalized error values well within specified
tolerance envelopes (maximum E(x) < 107 for all test
cases). The automatic switching between parametric and
quantile-based thresholds handled both normal and non-
normal error distributions effectively, with normality pass
rates ranging from 0% (exp, log) to 100% (sinc).

Algorithmic complexity analysis established that the
method operates within O (n log n) time complexity in the
worst case, where n is the total number of test values
evaluated. In practice, the automatic convergence
mechanism limits the number of iterations, often achieving
near-linear O(n) behavior for functions with localized
critical regions.

Extension to multidimensional input spaces would
require sophisticated techniques to manage the exponential
growth in test set size, potentially incorporating
dimensional reduction strategies or hierarchical sampling
schemes.

The demonstration in Section IV validates the method's
core capabilities using controlled precision variations.
Future work will apply this methodology to production
arithmetic implementations, including comparison of
CPython's standard arithmetic with a C-based extended-
precision system designed for enhanced numerical
accuracy in scientific computing applications.

Future research directions include: integration with
automated test generation frameworks such as Hypothesis
for property-based testing, extension to vector and matrix
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operations common in scientific computing libraries,
development of adaptive sampling strategies for
multivariate functions using space-filling curves or
adaptive mesh refinement techniques, and application to
domain-specific arithmetic implementations such as
interval arithmetic or arbitrary-precision libraries.

The method provides a practical and theoretically
grounded tool for arithmetic verification in critical
applications where numerical precision directly impacts
system reliability, including scientific simulations,
financial calculations, and safety-critical embedded
systems. By adopting the mixed criterion from numerical
analysis, the method ensures compatibility and
comparability with established practices in the field while
introducing novel adaptive refinement strategies for
arithmetic testing.
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MeTtoa afanTUBHOrO KOHTPO/IbHOIO TeCTyBaHHA OLUiHKMK
AKOCTI apuPpmeTUKun

Dennc feiiHeko”

Kadepnpa nporpamHoro 3abesneyeHHs KOMN'OTEPHUX CUCTEM, YepHiBeLbKUiA HaLioHaNbHUI yHiBepcuTeT imeHi HOpis deabkoBuYa,
YepHisui, YkpaiHa

*ABTOp-KOpecnoHAeHT (EnekTpoHHa agpeca: deineko.denys@chnu.edu.ua)

AHOTALLIA ApudmeTunKa 3 N1aBato4O0 KPanKow € BPas/IMBO A0 NOXMOOK TOYHOCTI, AKi MOXYTb HAaKOMUYyBaTUCb Y NPOLLECI
064YMCNeHb i CyTTEBO BN/IMBATM HAa pe3ynbTati. OcobaMBO Lie aKTyaNbHO ANA 33aCTOCYBaHb, e HaBiTb HE3HAYHI BiAXMIEHHA
MOXYTb MPU3BECTU A0 KPUTUYHUX MOMMUIOK — 30KPEMA, Y HAYKOBUX PO3paxyHKax, TEXHIYHHOMY MoAentoBaHHi, GiHaHCOBUX
obuncneHHax abo poboTi 3 BeAMKMMM obcAramm gaHux. Y cTaTTi 3aNpoONOHOBAHO HOBWU METOA, afanTUBHOIO TECTYBAHHS,
AKMUI NPU3HAYEHNI 419 CUCTEMATUYHOT NepeBipKM TOUHOCTI peanisaLiii apudmeTnyHKUX onepaLiii. Moro meta nonsrae s Tomy,
wob BMABUTK cNabKi micua B 0BUYNCNEHHAX, BUSHAUYUTU AXKepesna HecTabiNbHOCTI Ta 3aNpONOHYBaTM O6I'PYHTOBaHY OLLiHKY
HagiMHOCTI YncnoBux pesynbTaTiB. Ha BiaAMiHY Bif TPAAWULIMHUX NiAXOAIB, LLO BUKOPUCTOBYIOTL dikcoBaHi abo BUMNaaKOBO
3reHepoBaHi BXifHi AaHi, 3aNPONOHOBaHU MeToA, NOCTIMHO OHOB/OE HAbIp TecTiB, 30CcepesKyroUmn yBary Ha TUX AinAaHKax
yncnoBoi obnacTi, Ae NOXMOKM BUABAAIOTLCA Hal3HauHilWwMmK. Lle nae 3mory epeKTMBHO BUABAATM Ti 06nacTi BXigHMUX
3Ha4eHb, AKI HaMyacTille BUKIMKAOTb 3HAYHI BiAXUEHHA pe3y/IbTaTis, 30KpPeMa — Yy pasi BUKOPUCTaHHSA Ay*Ke Manunx, BEIUMKNUX
abo rpaHunyHMX ymcen. Metogn 6a3yeTbca Ha HaraTopas’oBOMy 3amycKy apUPMETUUHHUX onepaLli, TaKUX AK AO0AABaAHHSA,
BiAHIMaHHA, MHOXEHHA Ta AiNIeHHA, 3 NoAANbWKUM NOPIBHAHHAM OTPUMAHMX PE3YbTATIB Y Pi3HUX peanisaLiax apubMeTrKu.
[ns nopiBHAHHA BUKOPUCTOBYOTLCS Ba30Ba peasnisalisa apuPMeTHKM Ta anbTepHATUBHA peani3alia 3 NiABULLEHO TOYHICTIO.
MoXMBKM OLLIHIOTLCA 33 AOMNOMOro abCoONMOTHUX Ta BiAHOCHUX MOKa3HUKIB, a IXHi CTaTUCTUYHI BNACTUBOCTI aHaNi3yOTbCA
L1151 BUABIEHHSA 3aKOHOMipHOCTel. OTpMMaHi AaHi BUKOPUCTOBYOTLCS A1 AMHAMIYHOTO OHOBJ/IEHHS TECTOBOrO Habopy: AKLLO
y MEeBHil YMCNOoBi 06MacTi BUABNEHO 3HAYHIi MOXMOKW, TO B LM camiit obnacTi GopmytoTbCA HOBI TECTOBi 3HAYeHHA 3
HEBENIMKUMU BigxnneHHAMU. TakWUiA niaxig [03BONAE MOCTYNOBO YTOYHIOBATU OLHKY AKOCTI apudmMeTUYHUX 0bYucieHb y
HanMnpobaemHiwmnx obnactax. Y pesynbTaTi TECTyBAaHHA CTA€ BCe binblu UinecnpamoBaHUMM i cPOKYCOBAHMM HA CKAAZHUX
BMNaZKax, WO 0co6MBO BAXKANBO ANA CKNAAAHUX iHXKEHEePHUX abo HAayKoBUX 3aga4. TaKMM YMHOM, 3anpONOHOBaHWUI Niaxig,
niABULLYE ePEKTUBHICTb NEPEBIPKM YUCNOBUX OBUMCNEHDb, HAAAE HOBI MOXK/IMBOCTI A/1A aHaNi3y TOYHOCTI 1 BUABNSAE NPUXOBAHI
npobaemu, fKi 3a1MWATLCA HEMOMITHUMK NPU KNACMYHOMY TECTYBaHHI, WO pobuTb MOro KopucHum ans sepwudikauii
yncnosux 6ibnioTek Ta NOKPaLLEHHA aPUOMETUYHMX MOoLeNeNn.

K/TIOYOBI C/10BA BepudiKaLia Yncnosux obuncieHb, NaaBakoya Kparnka, TOYHICTb 064YnCieHb, 064YMCtoBabHA CKAAAHICTb,
afanTUBHe TeCTyBaHHA.
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